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The linea. theory of syneo a4.lysis is being investigated undr le
authorization of Task X e=78-1-5! " ontrol Tranittimg amd
Cmputing Caqonent. The analysis# thus far pr~ened in other
papaers ofth~is se~earia z r,=ti relatimum which
under ,uibtable aranpulationa asume conmvaent forn. It is the
iner• of this report to derive and UAbulate the moat useful of the
identities which ocour in synchro analys•s#
T relations presented herein wii lind we not on3,y in the foam of
analvviA adpan+A in this etori of roat-n1ai b t in &Wy t~ of
theoretical. wrk relating to qnohros,

Edwiard L, Wootwad
Captaint M3N
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LIR•N LUMPED PARVETER ANALYSIS OF SYNCHROS VT

Trigcmometrio Identities Usefaul in Synohros Analysis

A. 104RODUCTICN

i. Becausi of the 1200 wymetry ,rovailing in synchros, many
trigonemetrio expressious arising from their anaysij reduce to a
re-Iatively simple form, although in original appearance they mWj be
ponderous and ocaplioated. It is the purpose of this report to
tabulate the more frequxitly encountered identities and to ýndicate
methods of mwipulation that are particularly useful in deriving
them. The pint of view adopted is to make the cqLlAtion apr-ctical one - iL~e.$ to includs thoe for-"- th-I% aria@ in practice,
so that by reference to these tables tho identities can be used
without requiring r~ederLivatixon each time. For completenes %4ýr
elazientary formulae are also includd, Probably the beat war to
take advantage of this report is first to make a hasty as-vey to
beaome aequainted with its contents.

B. NOTATI•

2e To bogin with we introduce the following notation:

e =ooa + j sin Q

0 + -1200

Thin process of using bars will apply to Greek letters 9, 0, .
onav.

3. �We define an operator rto be given by

K~*a )g1  +2 .. ~ g(Q~Qa-a~ -5 so (2)

÷

g2
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where in all cases, the bars are considered to operate on each of
the variables Ok. For example

F? n a=sing + 6iii2+ sin4

rswno = sin2O .+ sin2+ swni

sinQ sin2= sing sin2O si.. iz sin2j si' inQ sin2;

It is evident, by the last *vo ew-aples, that when a functim of nO
is involved, the proper use of bars is nj and rj, since bars are onJy
applied to Greek letters.

We WliU also deal with functions of the trpe

+ A•,) ,. +.) A g(,1,. •.),

where A1 , A2 , A3 are coothats, not necessarily equal. Here we will

use a similAr notation

F Agg(_,s,.' • .) = A1g(• 1,0 . • 0) + A2• N, •2 0) (3)

+ A3¢9,( .. *.) .

In other words, if r operates on a function which explicitly
exhibits a constant as a coefficient, it implies that in th6 expansion
each of the terms includes coefficients which are not necessarily
equal. An example is

F AksinQ cos20 AlsinG cos20 + A.29inj eos2f + A 3sini oos2f

A. MRIVATIM4S

4. The first expressions, which :re cornerstones for the
derivation of all succeeding formulae are

F' (i t = 0 (n = 3k)
13 sbn ng (n =3k,

F' CosO o = n k
3 oo nQ (n 3k)
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Thestý are derived with the aid of (1) in the fonllrvng manner:

0cos no = Re (Fe JnQ)

j(h)

whers

Re (A) = real part Ol A

Im (A) = imaginary part of A

a-'• e@ eJnQ e jn(O +2 7r/3) + * jn(Q -2 "rr/3)

= jnQ (I + 2 cos 2 wn/3 )

0 (n • 3k)

3• j(n = 3k)

Therefore, from (4)

1) r coo no 0 (n 3k)

Cos no (n =3k)

2) ' sisn Q

t, s in no (n = 3k)

5. In tll work relating to the produot of trigcmaetric
runctions, it is helpful to transform the products to sums by means
of the following identities:

3') sin G sin (l/2)cos(Q - - (1/2)cos(Q +

L4) nos 0 cos ( 'L 02)oos(Q - ~)+ (/2)(o3os( +

si) i Q os = (J/2)sin(Q - 0) + (l/2)sin(Q +

3
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For exwple, substituting o = $ in 3) and h) yields

3a) oi2 = (1/2)(1. - coo 20)

4a) coa 0 =(1/2)(1 + oo 20)

6. A set of identitiee which omstantly r4our in synehro
an7lysis consists of the fo!!ring,

6)sr2 fg 3/2 (n3k)

6)s3/Q~ 2 (n3k)

22
a" noun (n =3k)

C 0 (n 3k)
8)Fain nQ cos nQ a

[3 sin nQ ooe nQ (n =3k)

These are easily derived using 3a) and 4a). For example,

22O
ads F' (1/2) (1 + cos 2no)

(1\3/2)+ (2/2)rFoos n

'1/2 (n A3k)

7. Two idatitieswih rv to be vez7 usefular

9) sin n(O + 24s00) usin n(N - 1200)

10) amn( + 240'"1 ett n - 1209)

Them@ are simuple consequences of the fact that adding W60raay Intpalra
?Mgti~.. Of 3600 to the argimmet of a trigmemetz'ic funtion dmn not
change the value of tht funotion. Thus

sin n(O 1200) =esin n(Q 1200 +g 360,1) = sinl n(O + 2400)

o'e stated*

4
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?run 5) and 10) it folla that

s in , a oz, r4 (m 3k)

0 (aj&3k)
12) DOS 3nQ os 20 ={(0a3o (m 3k)

.,si 3DOsin(m ~ 3k)

14) Pes• 3 o (m 3k)

1 -I a ff , n ( = 3 k )

since 3 n(3=i0 + 3600)

3n. = 0(30 - 3603)

8. Up till now we have been aonsideri-4g the operAt" ras
defined in (2). The stctr" of unbalanced synehrom requires the
operator r as Wined in (3). For exasipl,

• ATmoos no = AlOca nO + A2 0os nQ + A30o0 nQ
or (5)

vAsin nQ = Asain nQ + ksin n + A 3 in n:

where the A's are cons atant.

When Aj==AA3 these expressions simplify through the use of 1) and 2).

For 'he oaze where they are not equal, wa make use of the following
notationt

A= A3 +=A

A = A1

5}
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Thms for exaple, the second form of (5) is oim

which) by expanding no and np, can be witteiN as

Ar[sinl no + & [sin no coo n(L2010) - coo nQ sin n("- 00

+ ,a [in. nQ -<os n(1200) + coo nQ •mi n(-o00)1

We nov define the folJmoving notations

f(15 (1/2 ) (.6 - + S,. )
\

Whften substituted into (6) thia gives

23) I- noI,' o a-in no. a °o no (n .3k+:+)
I(- sin n+ oono fn a 3k•2).

SImhlaswJlrwe have

OA + 20)0coon (n ,k)24) A"m,0e no co. s n o, ,- r,1si n"- "° *- 3k+l)
rAoo no +f 3* @in no (n '-3k+2)

It will he noticed that the equations 23) and 24) are linear
oombinatims~ of sin no and coo no. Tb-s~ combinations pan be put
ipta th* hSJ¶yform of 1*4 sit (nO0 51J.=r C and & are
Constaft-;a4 Let

A sin ng + 3 coo no =0 an (no .•)

[B~in nQ coes] wC[sin 0oomns

Equating the coefficients of sin nQ and cos no we find

A = C cos

B 'C six
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Consequently I is found from

and C is given by

CV 2 4B t

9. An important special case of the identities treated in
paragraph 8 is that of

,ý=A 1SI 24+ A29in 2j + A3 sin 2i (7)
which is equivalent to

(2 P~/~ Al;A2-A: )Bin20Q + I /2)(A2.A 3)coo 2Q 291Eutn (8) an 9 e fn

ta~n nOO (A2 A 3 1/si (2A -0 A2si - Q A o )

AlcOS nO cos 20 + A2,9OB no csos 2

and other similar cmbinations 4hich interchango sin and cos. The
A's are constants.

21. When I, A2 = A3 these e-&Tressiicn oen be evaluated by thG

use of Table 4. When thi; condition does not hola we expanA theexpiessions and. combine the resulting terms.

7
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A1sin no cos 0 + A2 s# za cot 9 + A38in ni cam

a AFin no oo6 0 + &sinn4omi .Asin, •. Cos 15

=A rain nQ cos 9 + (,!-/2)[ain(nwl)e + in+)

a A rein nG mo 0 + OQein(nul)0 coo (n.l1)2C* + (ýooe(nom1)O asn(nm1Y120

+ C~sln(n4.1)0 coo (W.i)1200 +~ o*S(n+1)0 uin(n44)120. 10

A c•4eto Jlst of Buh esieeaioni is tablated in Tables V and VI1

D). TABLAS Au W MULA"

12 s The imort•.t itntitie can be preented in Ubalar fm-m
Tas',e I is a s8mW of the reiatons previously dwivasd, an well as
certain other relations which follow by amSi3a procsses. Tables 11#
Il and IV preeent the results of applyng the operatr fau defined
in (2) ma specific taigonuetiic funtiom which ariase in the analysis
of balamed synohros. Tables V and VI apply to the operator Fwhem
dWfined as in (3) and are particula•eifyual for the analyis of
unbalanmed synchr s.

13. A few ezales ll now be given In oder to fami±erls
the reader with the use of the Wlase.

Example L. Findrae 0 coo .

Look in Table rl in the first row and colwmn and find

F cos 0 cl 0 - (3/2) cos ( - ) .
Sampe 2. Find cos 0 co I + mm e oo P + coo coo .

.,t, in.•.m pl, 1 to ,ind

Foos.0 cos ~*(3/2) con (0 (3/2) coo (~
zample 3. Find Coin 2$sin2 %

In Table 3II, witv i Q%., we fin ad in 2ps n2 2 0 n 0

8
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Exanuple 4. Fin the value of

005 Q g'oB 0 cos 2U + cooeI aco 0 coo 20 + cta 0 coo 0 coo 22

Vm 151), with 0 •a batitted for s, we see tht this expressi
is equal to 3/A.

Exa3pl 5. Fifnd rsin 70 sin 22.

With n = 2, ve firAd fm Table 1V that rain 70 sin 2Q a-(3/2)o-3 90.

Frm thte me exessionp, we find a m 2, , a 4. Therefowe
-, ,-1. Fr, Table Va, notin-that n 4 is of thef fm3k+1, we find

(3/2) cc* (D+1) I + ( 512) uin (n.~4) Q + (9/2) ace. (nur3) a

a(312) coa 50 + (61'2) gsin 59 + (9/2) coo 39.

9
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TAKLE I

List of FormUae

1) cos n0 (n 3k)
I oos ri (n= 3k)

2) r m 0 (n0 3k)

a3 BinL (n =3k)

3) Bin sair, = (1/2) os (0 - 0) - (1/2) oo (Q +)

4) 0o8 cos w (1/2) coa (Qg+ (21cos (+0

3a) sin2 Q= (1/2) (,- ooe 2Q)

6) Fsin nQ m 3/2 (i' "pk)
sin 2 n (n =3k)

7)2 3/2 (n 3k)
3 cos 2 nQ = 3k)

8) sinnocosno=0
Sosin r.0 aov no (n =3k)

9) sin n(Q + 240c) = sii n(O - 1200)

10) co0 n(O + 240 0 ) = cos i'(Q - i0-o)

a)nin 3n3n os = 0 (a A 3k)

SJr3snQ t!cos m (n 3k)

2) Flcos 3n co, m =(n U)

cos 3nQ cog mO (m = 3k)

10
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1~0 3m~k)
13) 1sin 3nQ"iNOasin 3asibs (a 3k)
li3)

14) race 3 sin so I= 0o (a m3k:)

15) cos 0 Goa 0o o = 2f + ioa . ,ioa 6i cos 2$ + coos 0 coo l coo 2g

= (3/4L)oc.2(0 - 0)

16) si i o $+snQsn o 0+mn0sn cm2

=-(3/4)0os2(0 - 0),_

=o (3 ein2(0 - 0)

18) = .cnIs +i

=-(3A4)sin2(G - 0)

19) sin Q 1 sin 0 = 2 sint(1/2)(0 ± $)I ace t(Z/2) (0 :pO

20) 008 0.+ c0o 0 =2 costL(1/2)(G + 0)11 coo[(1/2)(0 - 5

21) Sow 0 - 008 0 =-2 3iifl(%/2)(Q + 0)1 sin 11/2)(0, a 5

22)1 :in J (/)

( (OA + 2 ) min no (n = 3k)

23)PAmsin nQ mO in no- -Ocos nQ (.3k+1L)

~,-O~sin no + jIr~looa nG4 (n 3k+2)

O3A +2 0\)caos no (n 3k)
2h) cos nr -i j cos no - "3 nQ (n Ik+i)

J3 VeinS no (n=3k

-YcanQ +3 rkQ (n = 31t+2)

(set next page for definition of O(, •, i)

1.1
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where
=M= (1/2)(4+•)

('3 = (1/2) ( mx)

A2 A+_

A3  =A+

25) Am • = B On (2, -• )

B + + A3 - AIA2 -A!A 3 -A2A3

tan (A - A3 )/(2A, - A2 - A3 )

26) Foos 20 cos Q cos A= (3/4) cos 2V - (Q-X)/2J

27)rFoos 20 cos Q sin X= (3/4) slin 2 C - (Q+X)/2]

28) 70320 sin G siru> X=-(3/h) cos 2 0- (Q+ X)/2]

29) acs 2,0 (cos coa34 Cos Z

+ cos 2ý (cos QcosX+. cos Q cos>).)

+ Cos I~ (Cos Q Cos>,.+ Cos 0Co>.

(3/2)cos 2D - (Q+A)/2J

30) cos 20 (sin . sin• + sin sinx_)

+ cos 2t (sin 0 sin)+ sin • sin>.)

+4 cos 20A (sin Q sinX+ s ia osin>X)

= -(3/2)cos 2C$ (Q4A)1)27

31) cos 2p (sin 0 cosX+$ sin 4 Cosh~)

+ cos 2.$ (sin 0 cosX+ sin 4 Cos O

+ cobs2 (s in 0 cos%.+ sin i cosN

= (3/2 )sr a ir0 - (0+ f2]

12U
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S32), cos sin' coa~ Sil~
-o s"I (04)

-e~ Cos (90

cs sin cs sin 0

33) CosG 0 sin 0 CoaIs i
- ~~~~ooe(.)-i(G)

loS 3±fl~e si 9 ) o 00 COS -sin

34 sn0c s n ;Q~ cos sns

3)-sin 0 Cos Q Cos 4 sin 9

C.a~Q os8aC sin ijI.

35) Let ýr v/ Then

Cos (Q ) sin (Qm ~ c cos IW
i n S i n c

Co
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TIMBE IT.C-f g 0

(2/3) cosQ 1(2/3) sin 0 (2/3) cos 20 (2/3) sin 2;

Cos Cos (Q-0) sin (g.) cos (20+$) sin (2940)

coa2 cos (204) sin (20+Q) cos 2(Q4) sin 2(90)

Sir p sin 2t-)=o 2-,0 nn204 cnMA

(14 /3),sin2 0 Cos3)

s in 0. -sin (29.s.) sin (20+0)

COIS -cos (20+0) cos (Q~

sin 20 sin 2(0-0) -sin 2(0..0)

cos 2 -Ics 2(0-0) cim 2(9-4)

How to rad Tables TI and III.

The value in each box is F'f($) g(Q) wrhre f(O) and g(o)
E:e the headings of the rows and col.umns -e psotive)y to Ihich the
box belongs.

For exapole, in Table II,

rao 20 cos 0 (3/2) cos (20 + 0)

14_-



NAVO-RD Report 2346

TADUI. IV, f(O)g(O)

f() (2/3)cce Q (2/3)sin 0 (2/3)aos 2 (2/3)sin 26 K =Cmiatant

0OC (3n+1)0 O, l 3nI -sin 3riQ 03 3(n+l) 3in 3(n+1)0 0

coa(3n2)008 (a+)0 in (D+)0 oa 3nG -sin 3no

cos 3nG 0 0 0 0

sin (3n4l)Q sin 3nG cos 3nQ sin 3(n+I)Q -Cos3(n+!) 0

sin (3n+2)0 sin 3j+I)O -mcoG3(x-) 1  sin 3nQ cos 3nQ 0

I

sin 3nQ 0 0 0 0 3Ksin 3no

"" Reprinted from Navord 1710, "Linear Ltmpd Parmter Analysis of
Synohroe I" b~r J. F. Rosenblouw, p.28

How to %:jaf Table IV,

Rebd the same as TablwI1 and Ill.

_-.• • _., _ .__ ,_ , _ _ .•_i ... _ • _..• • -_ -• • • • • . • • = - -- : .,- , - : • 1-5- -
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Coe(n*l) 0 sin(n+1) 0 cos(nw-) oiniu(..1) 0

Amcos nQ ace 0 1?-

nc 3K 2 2

n= -+1 2
2 2 2

A sin nQ÷sin i
n3K 2 2

2 2'

Qk 0
n 32+ 2 2

Fiav to rsad Table V*A-

16 *
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TABLE Vb): r Ag(no) f(Q)

J. Sin(n+1) I cos(n-1) Q s:n(n=1) 9

~(A slin Q ooa 4W 1_

n 3K ... . .

n = 3K÷22

n=~3K

-3 - A - ý

j A

How to fead TWAI Vb.

See Page 20.

17
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TADMI VIa): Fkmg(nG) (Q

cos(n+2) Q sin(ri.2) 0 cos(n-2)Q sin(n..2 )

=3K

n = 3K+l .

n =3K+2 1(~~L~

it

sim ng sin 20

*n 0 3K 7i

= 3K+l

How to read Table Vla.

See Page -20.

inV
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TABUE V~b): FýAm~gfl) ()

cos(n+2'. sti,(n+2) 01 eus(n-2) 0 sin(n-2) 9

FA-meos nQ ,:ii 2 00

n =IKl

-= 3=K

0 A+

-~ 0 .jA +~

SII.

n =3K+2I. 0 jAo

How to read Table Vb.

Sa- Page 20.

I
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Nw to read Tab2h V and VI.

Ctpute 0(, a and A frm

A =A

FA. ON-) A1 g.-),, 9( 2Q-) + A 3 -g+i)

P~m-iq~r a typical im

coo (nt.1) Isin (n+41) fCoe (neal) $in (n..2.)j
coo b, b2 b 3b4

Then

7Ag(o) com 9 a b1005z(2+14)Q + b2 hiri(n44)Q + b~o.r-)

+. b~hin(n'al)Q

Fc' exale, frcm Table Va,

coa no coo a m m(2/2) Q1 com (r,+wI)o +-(>(n(+)

+ coo (n-1)G - (3/2) A sin (n-l).

20
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